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Abstrat
A general framework for a systemati quasi-loalization of anonial general
relativity and a new ingredient, the requirement of the gauge invariane of the
boundary terms appearing in the alulation of Poisson brakets, are given. As a
onsequene of this it is shown, in partiular, that the generator vetor elds (built
from the lapse and shift) of the quasi-loal quantities must be divergene free with
respet to a Sen-type onnetion; and the volume form indued from the spatial
metri on the boundary surfae must be xed.
1 Introdution
Conserved quantities have always had distinguished role in physis. Though for a general
system no systemati way of nding them is known, but for systems whose dynamis
an be desribed by a Hamiltonian in the anonial framework there is a way. The rst
systemati investigation of Einstein's general relativity (GR) in its anonial form was
done in the ADM variables and was foused on asymptotially at ongurations [1℄.
One of the key objets in the anonial formulation of the vauum general relativity is
the onstraint funtion (`parameterized' by a funtion N and a vetor eld Na on the
manifold Σ, alled the lapse and the shift, respetively):
C
[
N,N e
]
:= −
∫
Σ
{ 1
2κ
(
R− 2λ+
4κ2
|h|
[ 1
n− 1
p˜2 − p˜abp˜
ab
])
N
√
|h|+
+
(
2Dap˜
ab
)
hbcN
c
}
dnx. (1.1)
Here the anonial variables are the elds hab and p˜
ab
on the onneted n-manifold Σ, hab
being the (negative denite) spatial metri, De is the orresponding Levi-Civita ovariant
derivative, R is its urvature salar and κ := 8πG with Newton's gravitational onstant
G, and we allow a nontrivial osmologial onstant λ to be present. (Though primarily
we are interested in the physial (3+1) dimensional ase, the analysis an be done in
(n+ 1) dimensions without any extra eort, but n ≥ 2.)
∗
Talk given at the Conferene on Reent Results in Mathematial Relativity, The Erwin Shrödinger
Institute, Vienna, 2008 August 20-21, and dediated to Bobby Beig on the oasion of his 60th birthday.
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One of the basi observations of Arnowitt, Deser and Misner is that the onstraint
funtions play a double role in the dynamis of GR (see also [2℄). In fat, the onstraint
part of Einstein's equations is equivalent to C[N,N e] = 0 for every N and N e and their
formal variational derivatives with respet to the anonial variables (given expliitly by
(2.2)-(2.3)) appear in the anonial equations of motion, whih are just the evolution
parts of the eld equations:
h˙ab =
δH
[
N,N e
]
δp˜ab
, ˙˜pab = −
δH
[
N,N e
]
δhab
, (1.2)
where now H [N,N e] = C[N,N e]. Thus, apparently, it is the onstraints that generate
the evolution of the states of the theory through the anonial equations of motion in the
phase spae, i.e. the onstraint funtions appear to play the role of the Hamiltonian in the
anonial formulation of general relativity. Another important observation of Arnowitt,
Deser and Misner is that by the integral of the LandauLifshitz pseudotensor in an
asymptotially Cartesian oordinate system, the total energy and linear momentum an
be introdued, and these quantities turned out to be onserved during the time evolution
of the system.
However, as Regge and Teitelboim pointed out [3℄, the onstraint funtions C[N,N e]
with the 1/r and 1/r2 fall-o for the anonial variables are not funtionally dierentiable
in the strit sense (see e.g. [4℄). The total variation of C[N,N e] with respet to hab and p˜
ab
yields not only the expeted volume terms, i.e. the formal variational derivatives (2.2)-
(2.3) ontrated with δhab and δp˜
ab
, respetively, but integrals on the boundary of Σ at
innity as well (see equation (2.1)). Thus, stritly speaking, the funtional derivatives of
C[N,N e] are the sums of smooth elds and distributions onentrated on the boundary
of Σ. Therefore, if we want to reover the orret evolution equation for the smooth
tensor elds as the Hamiltonian equations of motion (rather than some distributional
generalization of them), then the Hamiltonian must be funtionally dierentiable with
respet to the anonial variables. Sine adding a boundary integral to C[N,N e] does not
hange the formal funtional derivatives, Regge and Teitelboim searhed for the orret
Hamiltonian in the form
H
[
N,N e
]
= C
[
N,N e
]
+
1
κ
∮
S
B
(
N,N e
)
dS, (1.3)
where the integral on S is understood as the r → ∞ limit of the integrals on large
spheres of radius r in the asymptotially at ends of Σ and B(N,N e) is some expression
of the anonial variables and a linear expression of N and N e. They showed that there
is, indeed, a boundary term whih makes (1.3) dierentiable. Moreover, as a bonus,
for appropriately hosen (N,N e) this Hamiltonian automatially reprodues the total
energy and linear momentum of Arnowitt, Deser and Misner as its value on the onstraint
surfae and, in addition, the spatial angular momentum and entre-of-mass ould also
be introdued. Thus, the laim of a pure mathematial onsisteny yielded a physially
highly desirable result.
Nevertheless, as Beig and Ó Murhadha [5℄ showed, the asymptoti form of N and
N e should not be presribed by hand. That is a onsequene of the requirement of the
ompatibility of the boundary onditions and the evolution equations: Sine the evolution
equations involve the lapse and the shift, and they must preserve the boundary onditions
imposed on the anonial variables, we get a restrition on the asymptoti form of N and
N e. In fat, in the leading order they depend on the asymptotially Cartesian spatial
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oordinates just like the Killing vetors of Minkowski spaetime. (On the other hand,
the time dependene of N and N e remained unrestrited.) Without this ompatibility
ondition the initial data set, satisfying the boundary onditions at the initial instant,
would evolve in the next instant into a new data set that would not belong to the atual
phase spae, i.e. the evolution would take a data set out of the phase spae. Beig and
Ó Murhadha rened the Hamiltonian of Regge and Teitelboim, too, suh that the new
Hamiltonian is not only funtionally dierentiable, but nite on the whole phase spae
(rather than only on the onstraint surfae), and that these Hamiltonians form a Lie
algebra with respet to the Poisson braket as the Lie produt. The onstraints form a
Lie ideal in this algebra, and their quotient, the algebra of observables, is isomorphi to
the Poinaré algebra. The onserved quantities then beome oordinates in this quotient
algebra.
Sine the evolution equations speify only how the lapse and the shift depend asymp-
totially on the spatial oordinates but not on the time oordinate, moreover the spatial
angular momentum and the entre-of-mass of Beig and Ó Murhadha do not transform
in the orret way under an asymptoti Poinaré transformation in the spaetime, further
renements of the previous results were needed. As a resolution of these diulties in
[6, 7℄ a distintion between the evolution vetor elds that should be used in the Hamilto-
nian to generate the evolution of the states and the vetor elds built from the lapse and
the shift that should be used to dene ADM type onserved quantities was made. The
latter must be the asymptoti spaetime Killing elds, whih turned out to be a speial
ase of the former.
In the present paper, these ideas will be applied to the ase in whih the manifold
Σ is ompat with a smooth boundary S := ∂Σ, i.e. at the quasi-loal level (see e.g.
[8℄). Thus, now we are interested in the Hamiltonian dynamis of general subsystems
of the universe. The extension of the investigations of anonial general relativity to
the quasi-loal ase is required by solving several problems. First, to have a deeper
understanding of the (geometrial or thermodynamial) properties of blak holes, for
example to formulate the various (geometri) inequalities or the entropy bounds for blak
holes, the onserved quantities or, more generally, the observables of the gravitational
`eld' must be introdued quasi-loally. A further motivation of searhing for quasi-loal
observables is the remarkable result of Torre [9℄ that all the global observables for the
vauum gravitational eld in a losed universe, built as spatial integrals of loal funtions
of the initial data and their nitely many derivatives, are neessarily vanishing. Thus
in losed universes we an assoiate non-trivial, loally onstrutible observables only
with subsystems, bounded at one instant by some losed spaelike 2-surfae. Another
motivation is the laim to see the ontent of the basi existene and uniqueness results of
Friedrih and Nagy [10℄ for the initial-boundary value problem for the vauum Einstein
equations from the Hamiltonian point of view.
Though the rst few steps towards the systemati quasi-loalization of anonial gen-
eral relativity using the ADM variables have already been done [11℄, the projet remained
inomplete and essential new ideas were needed. In the present paper, we ontinue these
investigations. We rene our previous framework, and, in addition to the ideas intro-
dued in the asymptotially at ontext (and disussed above), only rst priniples (suh
as gauge invariane in every sense, ovariane, et), but no ad ho ideas or elements (e.g.
some a priori referene onguration, gauge hoie or even impliitly given bakground
struture) will be used. We think that these would ontradit the priniple of equivalene
(see also [12℄) and hene the very spirit of Einstein's general relativity. It is the theory
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itself that should tell us what the boundary onditions, the observables, et are, and we
must read o these from the struture of the theory itself. For a dierent view (but an
absolutely legitimate strategy), see e.g. [13℄.
Though in the present paper we annot omplete the quasi-loalization programme,
we raise a new issue that should be disussed in onnetion with the quasi-loalization of
anonial GR. Namely, we argue that the boundary terms appearing in the alulation
of the Poisson braket of two Hamiltonians must be gauge invariant in every sense. We
show that the requirement of this gauge invariane yields a restrition on the lapse and
shift: the generator vetor eld built from them aording to Ka = Nta + Na, where
ta is the future pointing unit timelike normal to the spaelike hypersurfaes Σ in the
spaetime, must be divergene free with respet to the Sen-type onnetion indued on
the boundary, ∆aK
a = 0. Remarkably enough, this is one of the ten (or, in (n + 1)
dimensions, the
1
2
(n + 1)(n + 2)) spaetime Killing equations. A onsequene of this
ondition is that the indued volume form εe1...en−1 on the boundary S remains onstant
during the evolution, and hene it is natural to impose δεe1...en−1 = 0. δεe1...en−1 = 0, as
a part of the boundary onditions for the anonial variables, has already been found in
speial ontexts, e.g. in onnetion with the funtional dierentiability of the onstraint
funtions. The present investigations show that δεe1...en−1 = 0 should be a part of the
`ultimate' boundary onditions, too.
In the following setion we formulate (and rene the previous attempts of) the quasi-
loalization programme of anonial GR and disuss the tools and the tehnial details
that we need as well as the partial results. In setion 3 we quasi-loalize the anonial for-
mulation of a single, real salar eld, and we will see that the boundary terms appearing in
the Poisson braket of two Hamiltonians should be interpreted as the energy-momentum
and angular momentum ux, and hene a gauge invariant observable. In subsetion 4.1,
we return to general relativity and study the analogous boundary terms in the Poisson
braket of two onstraints. We derive here the boundary onditions ∆aK
a = 0 and
δεe1...en−1 = 0. Finally, in subsetion 4.2, we nd arguments both in favour of and against
a Hamiltonian boundary term whih is the basis of several suggestions for the quasi-loal
energy-momentum. Though there are a number of key issues even in onnetion with the
present partial results (e.g. how they are related to the maximal dissipative boundary
ondition of Friedrih and Nagy [10℄), we should leave these to a future investigation.
Our notations and onventions are essentially those that were used in [11℄. In par-
tiular, we use the abstrat index formalism, the signature of the spaetime metri is
1 − n, and the urvature is dened by −RabcdX
b := (DcDd −DdDc)X
a
. The analysis is
based on ertain formulae given expliitly in [6, 11℄. Our standard referene in anonial
formalism is [14℄.
2 The quasi-loalization programme
2.1 The general programme
2.1.1 The basi requirements
In the quasi-loal anonial formulation of general relativity, the basi objet is the quasi-
loal onguration spae Q(Σ) over the onneted n-manifold Σ with smooth boundary
S := ∂Σ. This is the spae of smooth (negative denite) metris hab on Σ satisfying ertain
not-yet-speied boundary onditions on S. The quasi-loal phase spae is dened to be
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its `otangent bundle' T ∗Q(Σ), endowed with the natural sympleti struture. Thus
the elements of the quasi-loal phase spae are the pairs (hab, p˜
ab) of elds, where p˜ab
is a symmetri ontravariant tensor density of weight one. (p˜ab is usually interpreted
as a 1-form at the point hab ∈ Q(Σ): if hab(u) is any smooth 1-parameter family of
metris suh that hab(0) = hab, i.e. hab(u) is a `urve' in Q(Σ) through hab, then the
tensor eld δhab on Σ, dened pointwise as δhab(p) := (dhab(p, u)/du)|u=0, ∀p ∈ Σ,
is alled the tangent of the `urve' at hab. In fat, the diretional derivative of any
funtionally dierentiable funtion F : Q(Σ) → R along the `urve' at the point hab is
δF := (dF (hab(u))/du)|u=0 =
∫
Σ
δF
δhab
δhabd
nx, whih denes the ation of δhab on any
suh F and the natural pairing of δhab and the `exat 1-form' dF =
δF
δhab
at the same
time. Thus, it is natural to dene the ation of p˜ab on the `tangent vetor' δhab at the
point hab ∈ Q(Σ) by the integral
∫
Σ
δhabp˜
abdnx. Note that while in the asymptotially
at ontext the requirement of the niteness of the integral
∫
Σ
δhabp˜
abdnx together with
the evolution equations restrit the fall-o rate k of the metri, namely [6℄ it must be
k ≥ 1
2
(n− 1), in the quasi-loal ase we obtain no restrition for the anonial variables.)
Clearly, the dierentiability of funtions on the quasi-loal phase spae depends not only
on the funtion itself, but on the boundary onditions that are imposed on the anonial
variables in the denition of T ∗Q(Σ). We stress that the boundary onditions are parts
of the denition of the phase spae. (For a more detailed disussion of this issue, see e.g.
[15℄.) The anonial sympleti struture an be haraterized equivalently by speifying
the Poisson braket of any two funtionally dierentiable funtions. For any suh G and
H : T ∗Q(Σ)→ R, it is {G,H} :=
∫
Σ
( δG
δp˜ab
δH
δhab
− δH
δp˜ab
δG
δhab
)dnx.
In a more pedagogial approah the lapse and the shift are also onsidered to be
onguration variables (see e.g. [16℄), and there are additional onstraints (the `primary
onstraints') that the momenta onjugate to the lapse and the shift are vanishing. Then
a systemati onstraint analysis shows that this `big' phase spae T ∗Q˜(Σ) an always be
redued to T ∗Q(Σ) in a straightforward way, and the role of the lapse and the shift is
redued from dynamial variables only to `parameters'. In this sense, T ∗Q(Σ) an also
be onsidered as a `partially redued' phase spae. We save this redution by starting
with T ∗Q(Σ) as the phase spae.
Our ultimate aim is the quasi-loalization of anonial general relativity, i.e. nding
1. a boundary term B(N,N e) (we will all its integral the Hamiltonian boundary term),
built from the anonial variables and depending linearly on the lapse and the shift;
2. boundary onditions for the anonial variables (hab, p˜
ab) on S;
3. boundary onditions for the lapse N and the shift N e on S
suh that
i. the Hamiltonian H : T ∗Q(Σ) → R, given by (1.3) and `parameterized' by lapses and
shifts satisfying the boundary onditions in point 3, is funtionally dierentiable
with respet to the anonial variables;
ii. the evolution equations (1.2) with lapses and shifts satisfying the boundary ondi-
tion in point 3. above preserve the boundary onditions imposed on the anonial
variables in point 2;
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iii. the onstraints lose to a Poisson algebra C (whih we all the quasi-loal onstraint
algebra);
iv. the value of the Hamiltonian on the onstraint surfae (i.e. if C[N,N e] = 0) must
be a 2 + (n− 1)-ovariant, gauge-invariant expression of the boundary data on S.
Before turning to the mathematial realization of these requirements we should disuss
these points.
2.1.2 The disussion of the requirements
Clearly, requirement (i) is just that of Regge and Teitelboim [3℄, and (ii) is taken from Beig
and Ó Murhadha [5℄. While the rst is a generally aepted ondition in the relativity
ommunity, the seond is apparently not appreiated enough. Moreover, the usual (and
in the quasi-loal anonial approahes almost exlusively adopted) view is that the lapse
and the shift on the boundary S should be arbitrary, just beause they are thought of
as the n + 1 piees of the spaetime evolution vetor eld, and their arbitrariness are
thought to express our freedom to hoose the eet of observers in the spaetime as we
wish.
However, as we learnt from the struture of anonial GR of asymptotially at spae-
times, requirement (ii) may yield non-trivial restritions on the lapse and the shift. More-
over, as the study of the quasi-loal onserved quantities of matter elds in Minkowski
spaetime shows (and as we summarize the basi things in subsetion 3.1), we must make
a distintion between the symmetries (whih dene the onserved quantities) and the
general evolution vetor elds (whih are used to dene the time evolution of the initial
data set in the spaetime). The former is the solutions of a linear partial dierential
equation (and the number of their independent solutions is nite), but the latter is quite
arbitrary. Thus, in general relativity, the lapse and shift parts of a general evolution
vetor eld may be, but the lapse and shift parts of a vetor eld dening `onserved'
quantities are probably restrited. In partiular, as we will see in subsetion 2.3.3, the
`most natural' quasi-loal Hamiltonian annot provide an aeptable expression for the
energy-momentum if the lapse and shift on S are hosen independently of the anonial
variables. We expet that these onditions are given only impliitly, possibly in the form
of a system of linear partial dierential equations (p.d.e.) on S. In fat, in setion 4
we derive an equation for the lapse and shift whih should be a part of suh a system of
linear p.d.e.
Requirement (iii) expresses the laim that the gauge ontent of the theory must be
represented in a orret way by the onstraints even quasi-loally. The motivation of this
expetation omes from the appliability of the standard anonial formalism (see e.g.
[14℄). In fat, for n ≥ 3 general relativity is expeted to have internal degrees of freedom,
whih are expeted to be represented in the anonial framework by the points of the
redued phase spae. However, stritly speaking the redued phase spae an be formed
as the spae of gauge orbits in the onstraint surfae only when the Hamiltonian vetor
elds of the onstraint funtions form an involutive distribution or, equivalently, if the
onstraint funtions lose to a Poisson algebra.
Though in the asymptotially at ase the Hamiltonians of Beig and Ó Murhadha
also lose to a Poisson algebra (in whih the onstraints form an ideal) [5℄, we will see
in subsetion 3.2.2 that quasi-loally this is not true even for the salar eld, and hene
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it annot be expeted in general relativity either. In fat, the boundary terms appear-
ing in the Poisson braket of two Hamiltonians (and whih destroy the Poisson algebra
struture) desribe inoming and outgoing energy-momentum and angular momentum
uxes. Thus quasi-loally the algebra of observables is muh bigger than the set of the
Hamiltonians.
In the present investigations, we do not use any `natural' (or rather ad ho) onditions
e.g. for the anonial variables. We use only rst priniples, suh as gauge invariane (in
any sense) or ovariane. Requirement (iv) is the manifestation of this idea. In partiular,
the boundary term B(N,N e) should not depend on the normal diretional derivatives of
the lapse and the shift, or on the atual lapse and shift separately, but only on their
spaetime-ovariant ombination Ke := Nte + N e. Moreover, it should not depend on
the atual hoie for the normals (ta, va) of S but only on the intrinsi and extrinsi
geometry of S (but not e.g. on the extension of the geometrial quantities o S).
However, beause of the strong interplay between the Hamiltonian boundary term
and the boundary onditions both for the anonial variables and the lapse and shift, it
would be extremely diult to determine these three unknown things in a single step.
Indeed, in the traditional approah usually one of these three is a priori given, and by the
requirements (i) and (ii) we an determine the other two in a relatively straightforward
way. For example, in the asymptotially at ase we have a priori boundary onditions,
from whih Beig and Ó Murhadha ould determine both the Hamiltonian boundary term
and the boundary onditions for the lapse and shift. In subsetion 2.3 we summarize the
speial ases in whih various Hamiltonian boundary terms were a priori given, from
whih the boundary onditions ould be determined. (The neessary tools and tehnial
ingredients will be summarized in subsetion 2.2.) Thus, in order to be able to manage
the general problem, a new idea would be needed.
As we already mentioned in the introdution, suh a new idea ould be the observation
that the boundary terms in the Poisson braket of two Hamiltonians (whih we all the
Poisson boundary term) should be the sum of the Hamiltonian boundary term and terms
analogous to the energy-momentum and angular momentum ows between the system
and the rest of the universe, and hene these must be gauge invariant. This idea is based
on the moral of the analogous investigations of a salar eld, the subjet of setion 3.
2.2 The main ingredients
2.2.1 The variational formula
Though formally the manifold Σ on whih the anonial variables (hab, p˜
ab) as elds are
dened is an abstrat n-manifold, it is onvenient (and illuminating, and hene useful)
to onsider this as the typial leaf of a foliation {Σt} of (a piee of) the spaetime by
spaelike hypersurfaes and identify Σ at the oordinate time instant t with Σt. Thus
although in the phase-spae ontext there is no reason to speak about the normal of
Σ, in the spaetime we have a uniquely dened future pointing unit timelike normal
ta of the leaves Σt (and hene a projetion P
a
b := δ
a
b − t
atb of the spaetime tangent
spaes to the tangent spaes of the leaves, too), and we frequently rewrite formulae given
in the phase-spae ontext to its spaetime form or vie versa freely if needed. For
example, the spaetime form of the lapse and the shift is the so-alled evolution vetor
eld ξa = Nta + Na, by means of whih the spaetime form of the onstraint funtion
(1.1) is just the integral C[ξe] := 1
κ
∫
Σ
ξa(MGab + λgab)t
bdΣ. Here gab is the spaetime
metri,
MGab is the orresponding Einstein tensor and the indued volume element on Σ
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is dΣ := 1
n!
teεea1...an. (εa1...an+1 is the volume (n + 1)-form in the spaetime.) Note that
the timelike unit normal to Σ is globally well dened if the spaetime is time orientable.
Also, we will need the expression of the anonial momentum in terms of the Lagrange
variables, i.e. the onguration and veloity variables. The latter is dened with respet
to some spaetime vetor eld ξe suh that the hypersurfaes Σt of the foliation are
obtained from Σ by Lie dragging along the integral urves of ξe. We assume that these
hypersurfaes are spaelike. Let ta be their future pointing unit timelike normal, the
lapse and the shift parts of ξe are N := teξ
e
and N e := P ef ξ
f
, respetively, and the
aeleration of the hypersurfaes is ae := t
a∇ate = −De lnN . Here De denotes the
indued Levi-Civita derivative operator on TΣt. The time derivative of a purely spatial
tensor eld T a...b... is dened to be the projetion to the hypersurfaes of its Lie derivative
along ξe, i.e. T˙ a...b... := (LξT
c...
d... )P
a
c ...P
d
b ... = N(LtT
c...
d... )P
a
c ...P
d
b .. + LNT
a...
b... . In partiular,
h˙ab = 2Nχab + LNhab. Thus essentially the extrinsi urvature χab of the leaves of the
foliation plays the role of the veloity, by means of whih the anonial momentum is
known to be p˜ab = 1
2κ
√
|h|(χab − χhab). Here χ is the hab-trae of χab.
To alulate the total variation of (1.1), letN(u), Na(u), hab(u) and p˜
ab(u), u ∈ (−ǫ, ǫ),
be any smooth 1-parameter families of lapses, shifts, metris and anonial momenta,
respetively. Then we dene the orresponding variation of any of their funtion, F =
F (N,Na, hab, p˜
ab), to be its u-derivative at u = 0, i.e. δF := (dF (N(u), Na(u), hab(u),
p˜ab(u))/du)|u=0. The orresponding variation of the onstraint funtion C[N,N
e], taken
from [6℄, is
δC
[
N,N e
]
=C
[
δN, δN e
]
+
∫
Σ
(δC[N,N e]
δhab
δhab +
δC[N,N e]
δp˜ab
δp˜ab
)
dnx+
+
1
2κ
∮
∂Σ
{
N
(
habve(Deδhab)− v
a(Dbδhab)
)
+
(
vaDbN − habveDeN
)
δhab
+
2κ√
|h|
(
2Navep˜
eb −N evep˜
ab
)
δhab + 4κNavb
δp˜ab√
|h|
}
dS. (2.1)
Here va is the outward pointing unit normal of S in Σ, dS is the indued volume element
on the boundary, and the formal variational derivatives are
δC[N,N e]
δhab
: =
1
2κ
√
|h|
{
N
(
Rab − Rhab + 2λhab +
8κ2
|h|
(
p˜acp˜
cb −
−
1
n− 1
hcdp˜
cdp˜ab
))
+DaDbN − habDcD
cN
}
− LNp˜
ab +
+
1
4κ
Nhab
√
|h|
(
R − 2λ+
4κ2
|h|
( 1
n− 1
p˜2 − p˜cdp˜cd
))
, (2.2)
δC[N,N e]
δp˜ab
: =
4κ√
|h|
N
(
p˜ab −
1
n− 1
p˜cdhcdhab
)
+ LNhab. (2.3)
Here Rab is the Rii tensor of De, and note that the last line of (2.2) is −
1
2
hab times the
integrand of the onstraint funtion C[N, 0].
Therefore, C[N,N e] is funtionally dierentiable (in the strit sense of [4℄) with respet
to the anonial variables only if the boundary integral in (2.1) is vanishing, in whih ase
the funtional derivatives themselves are given by (2.2) and (2.3). Then, provided the
onstraints are satised, the vauum evolution equations (with the osmologial onstant)
are preisely the anonial equations of motion (1.2).
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2.2.2 A quik review of the geometry of the boundary surfae
To evaluate the boundary terms in (2.1), it seems useful to split the variation of the
metri hab at the points of S with respet to the boundary. Moreover, in the subsequent
subsetions several expressions on S, obtained originally in the traditional n + 1 form,
will have to be rewritten in a 2 + (n− 1) form. Nevertheless, most of these notions have
a non-trivial meaning only if n ≥ 3; and hene when we use them we assume that n ≥ 3.
Thus now, in a nutshell, we summarize the basi geometri objets that we need in what
follows. A more detailed disussion of these onepts is given e.g. in [17, 8℄.
To avid onfusion, the Kroneker delta on Σ will be denoted by P ab , and the hab-
orthogonal projetion to S is Πab := P
a
b + v
avb. Then the indued metri and the or-
responding intrinsi Levi-Civita ovariant derivative on S is qab := hcdΠ
c
aΠ
d
b and δ¯e, re-
spetively, and let us introdue another derivative operator simply by ∆¯e := Π
f
eDf . The
extrinsi urvature of S in Σ will be dened by νab := Π
c
aΠ
d
bDcvd. The dierene of these
two derivative operators is just the extrinsi urvature: ∆¯eX
a = δ¯e(Π
a
bX
b)−vaδ¯e(vbX
b)+
(νebv
a−νe
avb)X
b
for any Xa tangent to Σ. The indued volume (n−1) form and volume
element on S are εe1...en−1 := t
avbεabe1...en−1 and dS :=
1
(n−1)!
tavbεabe1...en−1, respetively.
Note that with these onventions, the Gauss theorem takes the form
∫
Σ
DaX
adΣ =
−
∮
S
vaX
adS for any vetor eld Xa on Σ.
The boundary S = ∂Σ an be onsidered as a submanifold in the spaetime, too. In
the spaetime ontext the indued metri is qab = gcdΠ
c
aΠ
d
b , and the area 2-form on the
2-planes normal to S is ⊥εab := tavb − tbva. Here, both the projetion Π
a
b and the area
2-form
⊥εab are independent of the atual hoie of the normals (t
a, va). Note that the
normals are not speied by S, but if S is onsidered to be the boundary of Σ, then they
are hosen as in the previous paragraph. If S is orientable and at least a neighbourhood
of S in M is spae and time orientable, then (ta, va) an be hosen to be globally dened,
yielding a global trivialization of the normal bundle NS of S in M . The two derivative
operators ∆e and δe, ating on any Lorentzian n + 1 vetor eld X
a
, are dened by
∆eX
a := Πfe∇fX
a
and δeX
a := Πab∆e(Π
b
cX
c) + (δab −Π
a
b )∆e((δ
b
c −Π
b
c)X
c). The extrinsi
urvature tensor of S in M is Qaeb := −Π
a
c∆eΠ
c
b = τ
a
etb − ν
a
evb, where τab and νab
are the individual (symmetri) extrinsi urvatures of S in M orresponding to the unit
normals ta and va, respetively. The orresponding traes are τ := τabq
ab
and ν := νabq
ab
,
respetively. The dierene of the two derivative operators is this extrinsi urvature
tensor: ∆eX
a = δeX
a + (Qaeb − Qbe
a)Xb. δe is not only the Levi-Civita derivative
operator δ¯e on the tangent bundle of S, but it ats on the normal bundle NS of S,
spanned by the two normals ta and va, as well. Its ation an be haraterized by the
onnetion 1-form Ae := (∆eta)v
a = (δeta)v
a
. On the other hand, for vetors tangent to
Σ in M the two derivative operators ∆¯e and ∆e oinide, whih fat will be used several
times when we rewrite expressions given in the n+ 1 form into its 2 + (n− 1) form.
At the points of S, the splitting hab = qab − vavb implies the variation δhab = δqab −
vaδvb−vbδva. It is straightforward to determine the various projetions of δhab (for details
see [11℄). These are
δhcdΠ
c
aΠ
d
b = δqcdΠ
c
aΠ
d
b , δhcdv
cΠdb = −δv
aqab,
δhcdv
cvd = 2vaδva = −2vaδv
a. (2.4)
Thus the independent variations an be represented by δqcdΠ
c
aΠ
d
b and δv
a
.
The urvature of the onnetions δe and ∆e, respetively, are given by
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fabcd=−
⊥εab
(
δcAd − δdAc
)
+ SRabcd, (2.5)
F abcd= f
a
bcd − δc
(
Qadb −Qbd
a
)
+ δd
(
Qacb −Qbc
a
)
+
+QaceQbd
e +Qec
aQedb −Q
a
deQbc
e −Qed
aQecb, (2.6)
where
SRabcd is the urvature tensor of the intrinsi Levi-Civita onnetion δ¯e of (S, qab).
Of ourse, for n = 3, it an also be written in the form 1
2
SR(Πacqbd −Π
a
dqbc), where
SR is
the urvature salar. The urvature F abcd turns out to be just the pull-bak to S of the
spaetime urvature 2-form: F abcd =
MRabefΠ
e
cΠ
f
d . Its various projetions,
ΠeaΠ
f
bFefcd=
SRabcd + τacτbd − τadτbc − νacνbd + νadνbc, (2.7)
taΠfbFafcd= δcτdb − δdτcb + Acνdb − Adνcb, (2.8)
vaΠfbFafcd= δcνdb − δdνcb + Acτdb − Adτcb, (2.9)
tavbFabcd= τecν
e
d − τedν
e
c + δcAd − δdAc, (2.10)
are the so-alled Gauss, CodazziMainardi, and Rii equations.
2.3 Speial ases
2.3.1 The quasi-loal onstraint algebra
A speial, genuinely quasi-loal ase in whih the programme ould be ompleted is when
there is no Hamiltonian boundary term, i.e. when we are interested in the boundary
onditions both for the anonial variables and for the lapse and shift that make the
onstraint funtions funtionally dierentiable and lose to a Poisson algebra. The sig-
niane of this speial ase is that the onstraints represent those parts of the eld
equations that are expeted to generate the gauge motions in phase spae. Thus to un-
derstand the gauge ontent of GR at the quasi-loal level, we should rst larify this
speial ase.
Deomposing the boundary terms in (2.1) with respet to the boundary S aording
to subsetion 2.2.2, we an read o the ondition of the funtional dierentiability of
C[N,N e] [11℄: the lapse and the shift are vanishing on S and the indued volume (n−1)-
form εe1...en−1 is xed on S. It is straightforward to hek that the boundary ondition
δεe1...en−1 = 0 is preserved by the evolution equations with shifts and lapses vanishing on
S. Thus the quasi-loal Hamiltonian phase spae T ∗Q(Σ) is split into disjoint setors
T ∗Q(Σ, εe1,...,en−1), labeled by the value of the volume form on S. The onstraint funtions
are dierentiable in the diretions tangential to these setors, but not in the diretions
transversal to them. The Poisson braket of any two onstraint funtions C[N,N e] and
C[N¯ , N¯ e], `parameterized' by lapses and shifts that are vanishing on S, is
{
C
[
N,Na
]
, C
[
N¯, N¯a
]}
= C
[
N¯ eDeN −N
eDeN¯, ND
aN¯ − N¯DaN − [N, N¯ ]a
]
. (2.11)
Furthermore, the new smearing elds N¯ eDeN −N
eDeN¯ and ND
aN¯ − N¯DaN − [N, N¯ ]a
are also vanishing on the boundary S. Therefore, the onstraints lose to a Poisson
algebra C.
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Geometrially N |S = 0, N
a|S = 0 orrespond to an evolution vetor eld ξ
a =
taN + Na in the spaetime that is vanishing on S, and hene the 1-parameter family
of dieomorphisms φt generated by ξ
a
leaves S xed pointwise. This φt maps Σ into
a family Σt of Cauhy surfaes for the same globally hyperboli domain D(Σ) with the
same boundary ∂Σt = S. Aording to Bergmann [18℄, the gauge-invariant ontent of
general relativity is the spaetime geometry, and hene any two sets of information that
speify the same spaetime geometry must be onsidered to be gauge equivalent. In
partiular, two Cauhy data sets determining the same globally hyperboli domain are
gauge equivalent in this sense. (For dierent interpretations see e.g. [19, 20℄.) Therefore,
the evolution vetor elds ξa that are vanishing at S are preisely the generators of gauge
motions of the atual quasi-loal state in the spaetime.
2.3.2 The algebra of the basi Hamiltonians
If in the quasi-loal Lagrangian phase spae we hoose the Lagrangian L := 1
2κ
∫
Σ
(R −
2λ+ χabχ
ab − χ2)N
√
|h|dnx, then for the basi Hamiltonian we obtain
H0
[
Ke
]
: =C
[
Ke
]
+
∫
Σ
2Da
(
p˜abhbcN
c
)
dnx =
=C
[
Ke
]
−
1
κ
∮
S
Ka
(
−vatbQc
cb + Aa
)
dS. (2.12)
Thus we already have a nontrivial a priori Hamiltonian boundary term, in whih both
vatbQc
cb
and Aa depend on the atual hoie for the normals (t
a, va) of S. This Hamil-
tonian an be made 2 + (n − 1)-ovariant if Ke is restrited to be tangent to S and, to
ure the SO(1, 1)-gauge dependene of the onnetion 1-form, if δeK
e = 0 is required.
In fat [11℄, evaluating the boundary terms in the total variation of H0 we obtain
that H0 is funtionally dierentiable if the lapse is vanishing on S, the shift is tangential
to S, and the volume (n − 1)-form is xed on S. However, this boundary ondition
is preserved by the evolution equations preisely when δeN
e = 0 is satised. With
these boundary onditions the basi Hamiltonians form a Poisson algebra H0, in whih
the quasi-loal onstraint algebra C is an ideal. By evaluating the basi Hamiltonian
on the onstraint surfae we get a funtion on the algebra H0/C of observables, whih
provides a representation of the Lie algebra of the δe-divergene-free vetor elds on S.
Though the observable O[N e] := − 1
κ
∮
S
N eAedS behaves as angular momentum in ertain
speial situations (see [11, 21℄), but this an be non-zero even in Minkowski spaetime.
This shows that the boundary term of H0 should probably be present in the `ultimate'
Hamiltonian, but still further terms are needed.
Geometrially, N |S = 0, vaN
a|S = 0 orrespond to evolution vetor elds tangential
to S on S. The orresponding 1-parameter family of dieomorphisms still maps D(Σ)
onto itself and preserves the boundary S, but not pointwise. Its ation on S preserves
the volume (n− 1) form. Thus H0 is ertainly not the `ultimate' Hamiltonian, it is only
an improved version of the onstraint funtions.
2.3.3 On the dierentiability of the `improved' basi Hamiltonian
The `bad' gauge dependene of the basi Hamiltonian (2.12) an be improved slightly
by hand by adding Nν = KatavbQc
cb
to the integrand of the boundary integral. (Here
ν := νabq
ab
, the trae of the extrinsi urvature of S in Σ.) The resulting expression,
11
H1
[
Ke
]
:= C
[
Ke
]
−
1
κ
∮
S
Ka
(
⊥εabQc
cb + Aa
)
dS, (2.13)
has been derived in dierent forms by several authors [22, 23, 24℄ and used [25℄ to dene
quasi-loal energy.
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Here the rst term in the boundary integral beame 2 + (n − 1)
ovariant, but the seond term still depends on the SO(1, 1) boost gauge. To ure this
dependene, we still must require δeK
e = 0. In subsetion 4.2 we will see that the
boundary term of (2.13) emerges naturally among the boundary terms in the alulation
of the Poisson braket of two onstraint funtions (or Hamiltonians). Moreover, in that
ontext there is a natural way of uring its SO(1, 1) boost-gauge dependene. On the
other hand, as we will see, it does not seem to represent orretly the `omposition law'
of the lapses and shifts.
Calulating the total variation of H1, we an determine the ondition of its funtional
dierentiability. However, it is enough to alulate the total variation of the `orretion
term' Nν and to use the expression (4.2) of [11℄ for the total variation δH0[K
e] of the
basi Hamiltonian. The total variation of Nν
√
|q| is
δ
(
Nν
√
|q|
)
=
(
νδN +
1
2
Nve
(
Deδhab
)
qab +
1
2
νNqabδqab +
+ δa
(
Nδva
)
−
(
∆aN
)
δva − νNvaδv
a
)√
|q|,
where we used deomposition (2.4). This, together with δH0[K
e], yields
δH1
[
N,N e
]
=C
[
δN, δN e
]
+
∫
Σ
(δC[N,N e]
δhab
δhab +
δC[N,N e]
δp˜ab
δp˜ab
)
dnx−
−
1
κ
∮
S
{
ν δN +
(
Ae − τve
)
δN e + veN
eAaδv
a − τveN
evaδv
a +
+
1
2
(
−νabN + τabveN
e +
+
(
νN − τveN
e + veDeN + χcdv
cvcveN
e
)
qab
)
δqab
}
dS.
Thus if the variations of the lapse and the shift were independent of the variations of
the anonial variables, then the dierentiability of H1[K
e] with respet to the metri
hab ould be ensured by keeping the whole n-metri xed on S: δhab|S = 0. However,
this ondition is not 2 + (n − 1)-ovariant, and from the ompatibility of this bound-
ary ondition with the evolution equation for hab it follows that K
e
on S must satisfy
vcvd∇(cKd) = 0, Π
c
av
d∇(cKd) = 0 and Π
c
aΠ
d
b∇(cKd) = 0, whih are onditions on the
derivative of the lapse and shift in the diretion va normal to S, too. Another possibility
is that the indued metri qab on S is xed and the shift is tangent to S. Apparently,
this is a weaker ondition for (N,Na) than what we had in subsetion 2.3.2. However,
veN
e|S = 0 is invariant with respet to the SO(1, 1) transformation of the normals (t
a, va)
only if we require N |S = 0, too, i.e. we arrived bak to the basi Hamiltonian. Hene, we
1
The same terms also appear in the general expression of the quasi-loal quantities based on Møller's
boost-gauge invariant, but still O(1, n) gauge-dependent superpotential, and hene in the spinorial ex-
pressions based on the NesterWitten 2-form in 3+1 dimensions, too. For details see the forthoming
updated version of [8℄.
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onlude that the Hamiltonian (2.13) ould be the `ultimate' quasi-loal Hamiltonian only
if the lapse and shift are not independent of the anonial variables. Therefore, aording
to our expetation in subsetion 2.1, the lapse and the shift should satisfy a ertain linear
dierential equation on S. In subsetion 4.1 we derive suh an equation, but to motivate
those investigations rst we study the quasi-loal anonial formulation of a single real
salar eld.
3 Illustration: Matter elds
3.1 Conserved quantities and ux integrals for general matter
elds
Let the matter elds be desribed by the symmetri energy-momentum tensor Tab, whih
is divergene free if the eld equations are satised. Let Ke be any vetor eld, Σ a
smooth ompat spaelike hypersurfae with smooth boundary S := ∂Σ, and let us form
the integral
QΣ
[
Ke
]
:=
∫
Σ
KaT
ab 1
n!
εbe1...en. (3.1)
Let ξe be another, arbitrary smooth vetor eld on M , dene Σt to be the 1-parameter
family of hypersurfaes by Lie dragging Σ along the integral urves of ξe suh that Σ0 = Σ
and form the 1-parameter family of integrals (3.1) on these hypersurfaes. Then the
derivative of these integrals with respet to the natural parameter t along the integral
urves of ξe at t = 0 is
d
dt
QΣ
[
Ke
]
=
∫
Σ
Lξ
(
KaT
ab 1
n!
εbe1...en
)
=
∫
Σ
(
T ab∇(aKb) +
(
∇aT
ab
)
Kb
)
ξctcdΣ +
+
∫
Σ
∇a
(
ξaT bcKc − ξ
bT acKc
) 1
n!
εbe1...en.
However, the integrand of the seond integral on the right an be rewritten into the
exat n-form − 1
(n−1)!
∇[e1(εe2...en−1]abξ
aT bcKc), and hene by the Stokes theorem it an be
onverted into a boundary integral. Thus nally we have
d
dt
QΣ
[
Ke
]
=
∫
Σ
(
T ab∇(aKb) +
(
∇aT
ab
)
Kb
)
ξctcdΣ +
∮
S
ξa⊥εabT
bcKcdS. (3.2)
Therefore, if the energy-momentum tensor is divergene free, there are two roots of the
non-onservation of the quantity QΣ[K
e]: The non-Killing nature of the vetor eld Ka
and the boundary integral.
If Ka is a Killing eld, then the vanishing of the right hand side of (3.2) an be
expeted only for ξa tangent to S. The hypersurfaes Σt that suh a ξ
a
generates are
suh that the boundaries of all these oinide, ∂Σt = S, and they are simply other Cauhy
surfaes for the same globally hyperboli domain D(Σ). Therefore, the QΣ[K
e] for Killing
Ke must in fat be onserved for ξe tangential to S on S. For example, if (M, gab) is the
Minkowski spaetime with Cartesian oordinates {xa }, a = 0, . . . , n, then the general
Killing eld has the form Ke = Ta∇ex
a +Ma b (x
a∇ex
b −xb∇ex
a ) for some onstants Ta
13
and Ma b = M[a b ]. Then the oeients of these onstants in QΣ[K
e] =: Ta P
a +Ma b J
a b
dene the quasi-loal energy-momentum and angular momentum of the matter elds.
These are onserved during the evolution with any ξe being tangent to S at S, and
transform in the orret, expeted way under Poinaré transformations of the Cartesian
oordinates. Hene the quasi-loal quantities an be thought of as being assoiated with
S or with the whole Cauhy development D(Σ) of Σ.
To understand the meaning of the boundary integral in (3.2), suppose that ξe is not
tangent to S. Sine the area 2-form ⊥εab annihilates the part of ξ
e
tangential to S,
without loss of generality we may assume that ξe is orthogonal to S. Let B denote the
union of the boundaries ∂Σt for all |t| < ǫ for some positive ǫ, i.e. the hypersurfae that S
sweeps out by Lie dragging along the integral urves of ξe. (This B is a smooth, regular
hypersurfae only if ξe is nowhere vanishing on S. At the zeros of ξe the boundaries ∂Σt
interset eah other, and at these points B ollapses to (n − 1) dimensional.) Then, by
onstrution, ξa⊥εab is a (not normalized) normal 1-form to the (regular parts of) B on
S. Thus, the integrand of the boundary integral on the right hand side of (3.2) is the ux
density of the urrent T abKb through B at S weighted by the `length' of ξ
e
. Therefore, for
small enough ∆t,
∮
S
ξa⊥εabT
bcKcdS∆t is the ux of the urrent T
abKb through B between
∂Σ0 and ∂Σ∆t. The root of the non-onservation of the quasi-loal quantities QΣ[K
e]
even for Killing Ke is that the atual system, surrounded at a given instant by S, is not
losed, and there an be non-trivial inoming and outgoing ows of energy-momentum
and angular momentum.
In partiular, if Ke is the time translational Killing eld, Ke = ∇ex
0
, then QΣ[K
e] =
P0, the quasi-loal energy. If T ab satises the dominant energy ondition, then this is
non-negative (and zero if and only if T ab is vanishing on D(Σ)). Then by (3.2) d
dt
P0 is
non-negative for outward pointing (i.e. for whih veξ
e < 0) spaelike or null ξe, non-
positive for inward pointing (i.e. veξ
e > 0) spaelike or null ξe, and does not have a
denite sign for timelike ξe. In the rst ase only the inoming energy ow an ross B,
yielding energy gain; in the seond only the outgoing energy ow an ross B, yielding
energy loss; while in the ase of timelike B, both inoming and outgoing energy ows
may be present.
As a onlusion, rst, a distintion between evolution vetor elds ξe generating the
(e.g. time) evolution of the state and the generators of the quasi-loal (onserved) quan-
tities Ke must be made. (This view was already adopted already both for matter elds
in [8, 26℄ and for gravitational elds that are asymptotially at at spatial innity in
[6, 7℄.) Moreover, the boundary integral appearing in the `time' derivative of the `on-
served' quantities desribes the ux of the inoming and outgoing energy-momentum and
angular momentum ows. We will see in subsetion 3.2.2 that a detailed and systemati
quasi-loal Hamiltonian analysis of a single real salar eld exatly reprodues the result
(3.2), where the boundary integral emerges as the boundary term in the Poisson braket
of two Hamiltonians. Though the gravitational `eld' does not have any well-dened
energy-momentum density but admits a Hamiltonian formulation, an analogous result
may be expeted for the gravitational `eld' as well: the Poisson boundary term must
have a physial meaning (and hene must be gauge invariant) for appropriately dened
`quasi-symmetry generators' Ke on S.
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3.2 Quasi-loal Hamiltonian desription of the salar eld
3.2.1 The quasi-loal phase spae and the Hamiltonian
Let Φ be a real salar eld on M , whose dynamis in the spaetime is governed by the
Lagrangian L := 1
2
gab(∇aΦ)(∇bΦ)−V , where the potential V = V (Φ) is a given algebrai
funtion of the salar eld. For the sake of onreteness, we may assume that this has the
form V = 1
2
m2Φ2+ 1
4
µΦ4, i.e. the salar eld is of rest-mass m and µ is its self-interation
parameter. The ovariant eld equation and the energy-momentum tensor, respetively,
are
∇a∇
aΦ+
∂V
∂Φ
= 0, (3.3)
Tab =
(
∇aΦ
)(
∇bΦ
)
−
1
2
gab
(
∇eΦ
)(
∇eΦ
)
+ gabV. (3.4)
Tab with the expliit form of the potential V above satises the dominant energy ondition
preisely when µ ≥ 0.
The basis of the quasi-loal anonial formulation of the theory of salar eld is
the quasi-loal onguration spae Q(Σ), the spae of the smooth real salar elds on
Σ satisfying ertain, not-yet-speied boundary onditions. The quasi-loal Hamilto-
nian phase spae is its `otangent bundle' T ∗Q(Σ), endowed with its natural sympleti
struture. The anonial momenta are salar densities Π˜ on Σ. Using the Lagrangian
L : TQ(Σ)→ R, dened by L :=
∫
Σ
LN
√
|h|dnx and onsidered to be the funtion of the
Lagrange variables (Φ, Φ˙), the standard anonial formalism yields for the momenta that
Π˜ = ta(∇aΦ)
√
|h| = 1
N
(Φ˙ − N eDeΦ)
√
|h| and for the Hamiltonian H : T ∗Q(Σ) → R,
introdued by H :=
∫
Σ
(Π˜Φ˙−LN
√
|h|)dnx, that
H =
∫
Σ
{
N
(1
2
Π˜2
|h|
−
1
2
hab
(
DaΦ
)(
DbΦ
)
+ V
)√
|h|+N e
(
DeΦ
)
Π˜
}
dnx. (3.5)
A straightforward alulation shows that the oeient of N is just the energy den-
sity part µ := Tabt
atb and the oeient of N e is just the momentum density part
Je := P
a
e Tabt
b
of the symmetri energy-momentum tensor. Thus we an also write
H =
∫
Σ
KaTabt
bdΣ, where Ka = Nta + Na. If more than one Hamiltonians `parame-
terized' by dierent lapse-shift pairs are onsidered, then to indiate whih lapse-shift is
used we write the Hamiltonian as H [N,N e] or H [Ke].
Sine H depends on the `parameters' N and N e, the spatial metri hab and the mo-
mentum variable Π˜ algebraially, H is funtionally dierentiable with respet to them,
independently of the boundary onditions on S. (Though in the present ontext the
funtional dierentiability with respet to N , N e and hab does not have any signiane,
in subsetion 4.1.5, where we onsider the Einsteinsalar system, hab will be the gravi-
tational onguration variable, and hene the funtional dierentiability with respet to
hab will be important.) The orresponding funtional derivatives themselves are
δH
δN
= µ
√
|h|,
δH
δNa
= Ja
√
|h|,
δH
δhab
=
1
2
Nσab
√
|h|, (3.6)
where σab := TcdP
c
aP
d
b , the spatial stress part of the symmetri energy-momentum tensor
(3.4), and
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δH
δΠ˜
= N
Π˜√
|h|
+N eDeΦ. (3.7)
Nevertheless, the ondition of the funtional dierentiability with respet to Φ is
∮
S
va
(
NaΠ−N
(
DaΦ
))
δΦdS = 0. (3.8)
(Here Π is the `de-densitized' anonial momentum: Π˜ =: Π
√
|h|.) (3.8) an be ensured
either by xing the onguration variable Φ on S, δΦ|S = 0, or by requiring the van-
ishing of the oeient of δΦ in (3.8). Under any of these onditions H is funtionally
dierentiable, and its funtional derivative with respet to the onguration variable is
δH
δΦ
= −Da
(
NaΠ˜−N
(
DaΦ
)√
|h|
)
+N
∂V
∂Φ
√
|h|. (3.9)
Then the anonial equations of motion are
Φ˙ =
δH
δΠ˜
= NΠ+NaDaΦ, (3.10)
˙˜Π = −
δH
δΦ
= −Da
(
N
√
|h|DaΦ−NaΠ˜
)
−N
∂V
∂Φ
√
|h|. (3.11)
The rst is equivalent to the denition of the time derivative of Φ, while the seond to
the eld equation (3.3).
Returning to the boundary onditions, the rst, δΦ|S = 0, is analogous to the Dirih-
let boundary ondition in eletrostatis. However, aording to our requirement (ii) in
subsetion 2.1.1, the evolution equation (3.10) must preserve this, and hene we obtain
that at S the anonial variables must satisfy
NΠ +NaDaΦ = 0. (3.12)
Thus, the anonial momentum (weighted by the lapse) must be linked to the derivative
of Φ in the diretion of the shift. In partiular, for vanishing shift Π˜ must be vanishing
on S. The other possible boundary ondition oming from (3.8) is the requirement of the
vanishing of the oeient of δΦ on S:
vaNaΠ−Nv
aDaΦ = 0. (3.13)
Thus, the normal diretional derivative of Φ (weighted by the lapse) is linked to the
anonial momentum on S. This is analogous to the (generalized) Neumann-type bound-
ary ondition in eletrostatis. (The Dirihlet- and Neumann-type boundary onditions
appear naturally in a ovariant phase-spae ontext too. For details, see [27, 28℄.)
3.2.2 The Poisson boundary term and the ux integral
Let (N,N e) and (N¯ , N¯ e) be two lapse-shift pairs, assume that bothH [N,Na] andH [N¯, N¯a]
are dierentiable and let us alulate the Poisson braket of two Hamiltonians parame-
terized by them. By integration by parts, a diret alulation yields that it is
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{
H
[
N,N e
]
, H
[
N¯, N¯ e
]}
= (3.14)
= H
[
N¯aDaN −N
aDaN¯, ND
aN¯ − N¯DaN −
[
N, N¯
]a]
+
+
∫
Σ
(
ND(aN¯b) − N¯D(aNb)
)
σabdΣ−
−
∮
S
va
{(
NaN¯ b − N¯aN b
)
Jb +
(
N¯Nb −NN¯b
)
σab +
(
N¯Na −NN¯a
)
Π2
}
dS.
Note that the new lapse and shift that parameterize the Hamiltonian on the right are
exatly those that appeared in the onstraint algebra of Einstein's theory (see subsetion
2.3.1). But in addition to the Hamiltonian H the spatial integral of the spatial stress,
ontrated with the Killing operators ating on the shift vetors (and weighted by the
lapses), also appears. These operators an be replaed by the spaetime Killing operators
ating on appropriately dened spaetime vetor elds. Indeed, let us x a foliation of
the spaetime with lapse M and a ompatible evolution vetor eld ξe := Mte + Me,
where te is the future pointing unit timelike normal of the leaves of this foliation, and
dene Ka := Nta+Na and K¯a := N¯ta+ N¯a. Then the omplete n+1 deomposition of
the Killing operator ∇(aK¯b) with respet to this foliation and evolution vetor eld ξ
e
is
Mtctd∇(cK¯d) =
˙¯N + N¯aDaM −M
aDaN¯ , (3.15)
2Mhactd∇(cK¯d) =
˙¯Na +MDaN¯ − N¯DaM −
[
M, N¯
]a
, (3.16)
P caP
d
b∇(cK¯d) = N¯χab +D(aN¯b), (3.17)
where
˙¯N and ˙¯Na denote the time derivative of N¯ and N¯a with respet to ξe, respetively,
introdued in subsetion 2.2.1. Note that while the normal-normal and normal-tangential
parts of the spaetime Killing operator depend on M and Ma, its spatial projetion does
not. It is well dened even on a single spaelike hypersurfae. Thus, by (3.17), the
integrand of the n-dimensional integral on the right-hand side of (3.14) is σab(N∇(aK¯b)−
N¯∇(aKb)).
On the other hand, ontrary to the bulk terms, the boundary integral (whih we all
the Poisson boundary term) apparently ontains the anonial momentum expliitly, and
not only through the various parts of the symmetri energy momentum tensor. However,
if we take into aount any of the boundary onditions (3.12) and (3.13), then the Poisson
boundary term an be rewritten purely in terms of the energy-momentum tensor. In fat,
if (3.12) holds (both for (N,Na) and (N¯, N¯a)), then by N¯Π2 = −N¯a(DaΦ)Π = −N¯
aJa
the rst and the third terms in the boundary integral of (3.14) anel eah other, and
there remains only vaσ
ab(N¯Nb − NN¯b). Similarly, using the expliit form of the spatial
stress σab, we an write σ
abN¯Nb = N¯N
aµ + NaN¯ bJb − NN¯J
a
. Then, however, it is
straightforward to hek that the integrand of the boundary integral is an expression of
the energy-momentum tensor, and the nal form of (3.14) is
{
H
[
N,N e
]
, H
[
N¯, N¯ e
]}
=
= H
[
N¯aDaN −N
aDaN¯, ND
aN¯ − N¯DaN −
[
N, N¯
]a]
+
+
∫
Σ
(
N∇(aK¯b) − N¯∇(aKb)
)
σabdΣ +
∮
S
Ka⊥εacT
c
bK¯
bdS. (3.18)
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Using the boundary ondition it is easy to hek that the boundary integral is anti-
symmetri in KaK¯b, as it should be beause every other term in (3.18) hanges sign if
we interhange (N,Na) and (N¯ , N¯a). Similarly, if (3.13) holds, then the last term in the
boundary integral in (3.14) is vanishing, and vaσ
abN¯Nb = vaN
aN¯µ+vaN¯
aN bJb−N¯Nv
bJb
holds. Using this expression, (3.14) again takes the form (3.18).
Realling that in the spaetime piture the Hamiltonian H [N,Na] is the ux integral
of the Lorentz-ovariant urrent T abKb, it is natural to ask for the spaetime-ovariant
form of (3.18), too. To derive this, let us deompose the Lie braket [K, K¯]a of the
spaetime vetor elds Ka and K¯a with respet to the foliation and evolution vetor eld
above. It is
[
K, K¯
]a
ta= t
btc
(
N∇(bK¯c) − N¯∇(bKc)
)
+NaDaN¯ − N¯
aDaN, (3.19)
[
K, K¯
]b
P ab =2h
abtc
(
N∇(bK¯c) − N¯∇(bKc)
)
−
−
(
NDaN¯ − N¯DaN
)
+
[
N, N¯
]a
. (3.20)
Thus the new lapse and shift both in (2.11) and (3.14) appear as the lapse and shift parts
of the Lie braket of the spaetime vetor elds up to the spaetime Killing operators.
Substituting these into (3.18) and using the notation H [Ke] = H [N,N e], we obtain
{
H
[
Ke
]
, H
[
K¯e
]}
=−H
[[
K, K¯
]e]
+
∫
Σ
tc
(
Kc∇(aK¯b) − K¯c∇(aKb)
)
T abdΣ +
+
1
2
∮
S
(
KaK¯b − K¯aKb
)
⊥εacT
c
bdS. (3.21)
Therefore, the quasi-loal Hamiltonians of the real salar eld do not form a Poisson
algebra. The two roots of this failure are the non-Killing nature of the vetor elds Ka
and K¯a and the boundary integral. The latter is preisely the boundary integral of (3.2).
Our aim is to reover the whole of (3.2).
To do this, let us alulate the time derivative of H [N¯, N¯a] with respet to ξa in the
spaetime. It is
d
dt
H
[
N¯, N¯a] =
∫
Σ
(
µ ˙¯N + Ja
˙¯Na +
1
2
N¯σabh˙ab
)
dΣ +
+
∫
Σ
(δH [N¯, N¯a]
δΦ
Φ˙ +
δH [N¯, N¯a]
δΠ˜
˙˜Π
)
dnx =
=
∫
Σ
(
µ ˙¯N + Ja
˙¯Na + N¯σab
(
Mχab +D(aMb)
))
dΣ +
+
{
H
[
M,Ma
]
, H
[
N¯ , N¯a
]}
, (3.22)
where in the rst step we used the funtional dierentiability of H [N¯, N¯a], and in the
seond the anonial equations of motion with the HamiltonianH [M,Ma]. Finally, by the
expression (3.18) of the Poisson braket and the projetions (3.15)-(3.17) of the spaetime
Killing operator, we obtain
d
dt
H
[
N¯, N¯a] =
∫
Σ
ξctcT
ab∇(aK¯b)dΣ +
∮
S
ξa ⊥εacT
cbK¯bdS. (3.23)
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Thus we reovered (3.2), whose boundary integral appeared here as the Poisson boundary
term.
4 The Poisson boundary terms in GR
4.1 The Poisson boundary terms
4.1.1 The formal Poisson brakets
Though in subsetion 2.1.1 we dened the Poisson braket for funtionally dierentiable
funtions on the phase spae, we an dene the formal Poisson braket of any two on-
straint funtions C[N,N e] and C[N¯, N¯ e] by the integral of their formal funtional deriva-
tives, independently of their funtional dierentiability. A lengthy but straightforward
alulation gives (or see [6, 11℄)
{
C
[
N,Na
]
, C
[
N¯ , N¯a
]}
= C
[
N¯ eDeN −N
eDeN¯ , ND
aN¯ − N¯DaN −
[
N, N¯
]a]
−
−
∮
S
2vap
ab
(
NDbN¯ − N¯DbN −
[
N, N¯
]
b
)
dS −
−
∮
S
2pab
(
veN
eDaN¯b − veN¯
eDaNb
)
dS −
−
∮
S
1
κ
{1
2
(
R− 2λ+ χ2 − χabχ
ab
)(
NN¯ e − N¯N e
)
ve − v
aRab
(
NN¯ b − N¯N b
)
+va
(
DaN
)(
DbN¯
b
)
−
(
DbN
)(
DbN¯a
)
va −
−va
(
DaN¯
)(
DbN
b
)
+
(
DbN¯
)(
DbNa
)
va
}
dS. (4.1)
A well-known highly non-trivial property of the onstraint funtions is that in their formal
Poisson braket, the genuine n-dimensional integral is also a onstraint funtion (with
the new lapse N¯ eDeN − N
eDeN¯ and the new shift ND
aN¯ − N¯DaN −
[
N, N¯
]a
), and
the remaining terms are all boundary integrals. It might also be interesting to note that
the rst two terms on the right together is just the basi Hamiltonian of subsetion 2.3.2
parameterized by the new lapse and shift.
4.1.2 The main idea
We learnt in subsetion 3.2.2 that the Poisson boundary term in {H [ξa], H [K¯a]} de-
sribes, at least for appropriately hosen Killing elds K¯a, the innitesimal ux of energy-
momentum and angular momentum ows through the hypersurfae that is generated by
Lie dragging S along the integral urves of ξa. However, if we ould expet that the
Poisson boundary term has a physial meaning in general relativity too, then (in ad-
dition to the requirement of the funtional dierentiability of the Hamiltonian and the
ompatibility of the boundary onditions and the evolution equations) we would have a
further ondition that we ould use to nd the `ultimate' Hamiltonian boundary term
and the boundary onditions.
Thus suppose for a moment that we already have the `ultimate' Hamiltonian boundary
term and the boundary onditions both for the anonial variables and the lapse and
the shift; and hene H [N,Na], given by (1.3), is funtionally dierentiable. Then the
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Poisson braket of two suh Hamiltonians is preisely the formal Poisson braket of the
two onstraints with the same lapses and shifts, whih is already given expliitly by
(4.1). However, if our expetation is orret, then this Poisson braket must be the sum
of the `orret' Hamiltonian (parameterized by the new lapse and shift) and another
physial quantity (being analogous to the energy-momentum and angular momentum
uxes). Consequently, sine both are gauge invariant, the Poisson boundary term must
also be gauge invariant. In partiular, this Poisson boundary term
1. should depend only on N |S , N¯ |S , N
a|S and N¯
a|S , but not on their normal derivatives,
e.g. on veDeN |S or v
eDeN
a|S ;
2. should depend only on the geometry of S, but not on the geometry of Σ at its
boundary S;
3. must be 2+(n−1)-ovariant and, in partiular, it must be independent of the atual
hoie for the normals (ta, va) to S.
Therefore, we must hek whether or not the boundary terms in (4.1) satisfy these riteria.
This will be done by rewriting it in a form adapted to S, using the ideas and notions
summarized in subsetion 2.2.2.
4.1.3 The ovariant form of the Poisson boundary term
Using the denitions of subsetion 2.2.2, by a systemati deomposition of every tensor
eld and derivative operator aording to P ab = Π
a
b − v
avb we rewrite the integrand of
every boundary integral in (4.1). Our ultimate aim is to obtain a 2 + (n − 1)-ovariant
form and, in partiular, in terms of the spaetime vetor elds Ke := Nte + N e and
K¯e := N¯te + N¯ e rather than the individual lapses and shifts.
First, by a tedious but straightforward omputation for the integrand I1 of the rst
boundary integral in (4.1), we obtain
2κI1 =
(
KeδeK¯
a − K¯eδeK
a
)(
τva − Aa
)
+
+
(
τtcAd − A
b
(
τbctd − νbcvd
))(
KcK¯d − K¯cKd
)
−
−AbA
b⊥εcdK
cK¯d +
+
((
δeK¯
a
)
tatbK
b −
(
δeK
a
)
tatbK¯
b
)
Ae +
+
(
N¯veDeN −Nv
eDeN¯
)
τ +
+
(
veN
evaDaN¯b − veN¯
evaDaNb
)(
Ab − τvb
)
. (4.2)
(To reprodue this formula (and the similar ones below), it seems useful to alulate
rst the projetions of various quantities, e.g. 2κvavbp
ab = χabv
avb + χ = τabq
ab = τ ,
2κvap
abqbc = Ac or 2κp
cdqcaqdb = τab − qab(τ − χcdv
cvd). Note that χabv
avb annot be
expressed by quantities dened only on S.)
Similarly, the integrand I2 of the seond boundary integral is
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2κI2=
(
veK
e∆aK¯b − veK¯
e∆aKb
)(
τab − τqab
)
+
+
(
veK
e
(
∆aK¯
a
)
− veK¯
e
(
∆aK
a
))
χcdv
cvd +
+
(
τabτ
ab − τ 2 + τχabv
avb − AbA
b
)
⊥εcdK
cK¯d +
+
(
veK¯
e
(
∆aKb
)
vb − veK
e
(
∆aK¯b
)
vb
)
Aa +
+
(
veK
evaDaN¯b − veK¯
evaDaNb
)(
τvb −Ab
)
. (4.3)
Before rewriting the integrand I3 of the third boundary integral let us observe that the
Rii tensor and the urvature salar appear in I3 just like in the `onstraint parts' v
avbGab
and vaGabΠ
b
c of the Einstein tensor of the n-dimensional intrinsi (spatial) geometry
(Σ, hab). Expressing these in terms of the urvature salar
SR and the extrinsi urvature
νab of S (and its derivative δeνab), a diret but quite lengthy alulation gives that
2κI3=−λ
⊥εcdK
cK¯d + δa
((
νab − νqab
)(
NN¯b − N¯Nb
))
+
+
1
2
(
SR +
(
νabν
ab − ν2 − τabτ
ab + τ 2
))
⊥εcdK
cK¯d +
+ va
(
DaN
)(
∆bK¯
b − τN¯
)
− va
(
DaN¯
)(
∆bK
b − τN¯
)
+
+
(
2AaA
a − τχabv
avb
)
⊥εcdK
cK¯d +
+
(
K¯a
(
δaKb
)
−Ka
(
δaK¯b
))
tbν +
+Aa
(
KaK¯b − K¯aKb
)
vbν +
+
(
νab − νqab
)
tc
(
K¯cδaKb −K
cδaK¯b
)
+
+
(
δeK¯a
)(
δeKb
)
⊥εab +
+Ab
((
δbK¯a
)
vavcK
c −
(
δbKa
)
vavcK¯
c
)
+
+Ab
((
δbKa
)
tatcK¯
c −
(
δbK¯a
)
tatcK
c
)
+
+Acτcatb
(
KaK¯b − K¯aK¯b
)
. (4.4)
Adding the three integrands and forming total δa-divergenes, the resulting expression
an be written in the form
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2κ
(
I1+ I2 + I3
)
=
(
K¯eδeKa −K
eδeK¯a
)
⊥εabQccb +
+
(
δeK¯
a
)(
δeKb
)
⊥εab − λ
⊥εabK
aK¯b +
+
(
δaAb − δbAa
)
KaK¯b +
+
1
2
(
SR + τabτ
ab − τ 2 − νabν
ab + ν2
)
⊥εcdK
cK¯d +
+
(
∆aK¯b
)
Qabc ⊥εcdK
d −
(
∆aKb
)
Qabc ⊥εcdK¯
d +
+
(
∆bK¯
b
)(
veDeN + veN
eχcdv
cvd − AeN
e −Qeec
⊥εcdKd
)
−
−
(
∆bK
b
)(
veDeN¯ + veN¯
eχcdv
cvd − AeN¯
e −Qeec
⊥εcdK¯d
)
+
+ δa
((
K¯aKb −KaK¯b
)
Ab +
(
νab − νqab
)
tc
(
KcK¯b − K¯cKb
))
. (4.5)
Sine the third line is just the ontration of the urvature of the onnetion δe in the
normal bundle and the vetor elds Ka and K¯a, moreover the fourth line is proportional
to the trae of (2.7); one might attempt to rewrite (4.5) in a form ontaining the urvature
F abcd of ∆e. We show that this an indeed be done.
To get terms suh as the right hand side of (2.8) and (2.9), let us rewrite the rst as
well as the fth lines of (4.5) as total δe-divergenes and terms with the derivative of the
extrinsi urvature tensor. Re-expressing the seond line in terms of the ∆e-derivative
operator we have
2κ
(
I1 + I2 + I3
)
= −λ ⊥εcdK
cK¯d −
(
∆eKa
)(
∆eK¯
b
)
⊥εab +
+
1
2
(
SR + νabν
ab − ν2 − τabτ
ab + τ 2
)
⊥εcdK
cK¯d +
+
1
2
(
δaAb − δbAa + τa
eνeb − τb
eνea
)(
KaK¯b − K¯aKb
)
+
+
(
δaQ
a
ce − δcQ
a
ae
)
⊥εed
(
KcK¯d − K¯cKd
)
+
+
(
∆bK¯
b
)(
veDeN + veN
eχcdv
cvd − AeN
e
)
−
−
(
∆bK
b
)(
veDeN¯ + veN¯
eχcdv
cvd − AeN¯
e
)
+
+ δa
((
K¯aKb −KaK¯b
)(
Ab +
⊥εbcQe
ec
)
+
(
K¯eKb −K
eK¯b
)
⊥εefQ
abf +
+
(
νab − νqab
)
tc
(
KcK¯b − K¯cKb
))
. (4.6)
Comparing its seond, third and fourth lines with (2.7)-(2.10), we nd that these an be
rewritten as
1
2
F abab
⊥εcdK
cK¯d +
1
2
⊥εabF
ab
cdK
cK¯d + F abbc
⊥εad
(
KcK¯d − K¯cKd
)
=
=
1
8
KaK¯bF cdef
⊥εghδ
efgh
abcd , (4.7)
by means of whih we arrive at our nal expression for the formal Poisson braket of two
onstraint funtions:
22
{
C
[
N,Na
]
, C
[
N¯, N¯a
]}
=
=C
[
N¯ eDeN −N
eDeN¯ , ND
aN¯ − N¯DaN −
[
N, N¯
]a]
+
+
1
κ
∮
S
{
λ ⊥εabK
aK¯a +
(
∆eKa
)(
∆eK¯
b
)
⊥εab −
−
1
8
KaK¯bF cdef
⊥εghδ
efgh
abcd +
+
(
∆bK
b
)(
veDeN¯ + veN¯
eχcdv
cvd − N¯ eAe
)
−
−
(
∆bK¯
b
)(
veDeN + veN
eχcdv
cvd −N eAe
)}
dS. (4.8)
Sine the urvature F abcd is the pull bak to S of the spaetime urvature 2-form
MRabcd,
in the physially important speial ase n = 3 the urvature term redues to 1
4
KaK¯bεabcd
MRcdefε
ef
, and hene gives a Penrose-type harge integral of the spaetime urvature [29℄.
In a GHP spin frame (oA, ιA) adapted to S this takes the form KaK¯bεA′B′(ΨABCDo
CιD−
ΦABC′D′ o¯
C′ ι¯D
′
+ Λ(oAιB + ιAoB)) + c.c.. Thus, in partiular, it is only the Ψ1, Ψ2 and
the Ψ3, but not the Ψ0 and Ψ4 Weyl spinor omponents that are involved in the Poisson
boundary term.
4.1.4 Boundary onditions from the gauge invariane of the Poisson bound-
ary term
Clearly, the rst three terms in the boundary integral of (4.8) are manifestly 2+ (n− 1)-
ovariant; they depend only on the geometry of S and the value of the vetor elds on
S (but independent of the way in whih they are extended o the boundary), and they
are invariant with respet to the hange of the atual normals (ta, va) of S. On the other
hand, the last two lines ontain `bad' terms. Thus, we an ensure the gauge invariane of
the Poisson boundary term (in the sense disussed in subsetion 4.1.2) if we require the
vanishing of the ∆e-divergene of the vetor elds K
a
and K¯a. Obviously, ∆aK
a = 0 is a
2+(n−1) ovariant ondition, and from∆aK
a = δaK
a+QaabK
b = Nτ−vaN
aν+δa(Π
a
bN
b)
it is lear that it has innitely many solutions on S: the ondition ∆aK
a = 0 speies
e.g. only the lapse N in terms of the still ompletely freely speiable shift Na.
To see the meaning of this ondition, let us rewrite this into the form qabΠcaΠ
d
b
∇(cKd) = 0. This is one of the
1
2
n(n−1) projeted parts of the 1
2
(n+1)(n+2) spaetime
Killing equations. Thus, ∆aK
a = 0 is a weakening of the familiar spaetime Killing
equations. Clearly, if the lapse part of Ka is vanishing and the shift part Na is tangent
to S on S, then ∆aK
a = 0 redues to the ondition δaN
a = 0 disussed in subsetion
2.3.2.
To larify its ompatibility with the evolution equations, let us rewrite the anonial
equation of motion for the metri hab in the spaetime. By (3.17), its right-hand side is
just the projetion to Σ of the spaetime Killing operator:
h˙ab = 2Nχab + LNhab = 2P
c
aP
d
b∇(cKd).
Hene, the ontration of its restrition to S with the metri qab gives qabh˙ab = 2∆bK
b
.
However, the left-hand side is proportional to the time derivative of the indued volume
element on S: ε˙e1...en−1 =
1
2
qabq˙abεe1...en−1 =
1
2
qabh˙abεe1...en−1 . Therefore, ∆aK
a = 0 is
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preisely the ondition that the indued volume (n− 1)-form on S is onstant during the
evolution. Thus the boundary ondition δεe1...en−1 = 0 for the onguration variables,
found in the speial ases and disussed in subsetions 2.3.1 and 2.3.2, appears naturally
in the general ase, too.
4.1.5 On Einsteinsalar systems
The quasi-loal phase spae of the oupled Einstein-salar system is the otangent bundle
T ∗Q(Σ) of the onguration spae Q(Σ), the latter being the set of the pairs (hab,Φ), and
endowed with the natural sympleti struture. The onstraint of the oupled system is
C[N,Na] := CE[N,N
a] +HS[N,N
a] = 0, where now (1.1) is denoted by CE [N,N
a] and
HS[N,N
a] is given by (3.5), and the Hamiltonian is the sum of the Hamiltonians of the
gravitational and the salar setors: H [N,Na] = HE[N,N
a] +HS[N,N
a]. However, note
that HS[N,N
a] depends on the metri hab, whih is now a onguration variable. Thus,
assuming that both Ka := Nta + Na and K¯a := N¯ta + N¯a are ∆edivergene-free, the
formal Poisson braket of the Hamiltonians H [N,Na] and H [N¯, N¯a] is
{
H
[
N,Na
]
, H
[
N¯ , N¯a
]}
= (4.9)
=C
[
N¯ eDeN −N
eDeN¯ , ND
aN¯ − N¯DaN −
[
N, N¯
]a]
+
+
1
κ
∮
S
{(
∆eKa
)(
∆eK¯
b
)
⊥εab + λ
⊥εabK
aK¯a −
−
1
8
KaK¯bF cdef
⊥εghδ
efgh
abcd +
1
2
(
KaK¯b − K¯aKb
)
⊥εacκT
c
b
}
dS.
Sine F abcd =
MRabefΠ
e
cΠ
f
d , the last three terms of the boundary integral an be written
as
−
1
8
KaK¯bMCcdef
⊥εghδ
efgh
abcd +
+
1
2
(
KaK¯b − K¯aKb
)
⊥εac
(
MGcb + κT
c
b + δ
c
bλ
)
+
+
1
2
(
KaK¯b − K¯aKb
)
⊥εac
(n− 3
n− 1
MRcb +
1
n(n− 1)
MRδcb
)
,
where
MCabcd,
MRab and
MR are the spaetime Weyl and Rii tensors and the ur-
vature salar, respetively, and the seond line is proportional to the expression whose
vanishing is just the Einstein equation. Thus, in partiular for n = 3 and `on shell', the
Poisson braket of two Hamiltonians is the boundary integral of (∆eKa)(∆eK¯
b) ⊥εab −
1
2
KaK¯b MCabcd
⊥εcd + 1
6
MRKaK¯b ⊥εab. Hene, the trae-free part of the spaetime Rii
tensor does not appear even in the presene of a salar eld.
4.2 Quasi-loal quantities from Poisson boundary terms?
In subsetion 4.1.2 we raised the idea that the Poisson boundary term should be the
sum of the Hamiltonian boundary term (parameterized by the new lapse and shift) and
terms analogous to the ux of energy-momentum/angular momentum of matter elds,
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and both must be gauge invariant. In the present subsetion, we deompose the (gauge-
invariant) Poisson boundary term in suh a way that the boundary term of the `improved'
basi Hamiltonian (2.13) emerges naturally, even in a (slightly modied) gauge-invariant
form. However, as we will see, in its gauge-invariant form it does not seem to yield a
representation of the `omposition rule' of how the new lapse and shift are built from the
old ones.
We start with (4.5), and let us observe rst that in its rst line the derivative operator
δe an be replaed by ∆e; moreover, the rst term in the seond line an be written as
1
2
(δeδ
eKa) ⊥εabK¯
b − 1
2
(δeδ
eK¯a) ⊥εabK
b
up to a total δe-divergene. Again, by forming
total δa-divergenes, the third line is written as (K¯
e∆eK
a − Ke∆eK¯
b)Ab plus extrinsi
urvature terms. Thus, for vetor elds satisfying ∆aK
a = ∆aK¯
a = 0, we obtain
{
H
[
N,Na
]
, H
[
N¯, N¯a
]}
= (4.10)
=C
[
N¯ eDeN −N
eDeN¯ , ND
aN¯ − N¯DaN −
[
N, N¯
]a]
−
−
1
κ
∮
S
{(
K¯e∆eKa −K
e∆eK¯a
)(
⊥εabQccb + A
a
)
+
+
1
2
(
δeδ
eKa − 2
(
δcKd
)
Qcda − 2KeQcdeQ
cda −
−Kc
(
Qcfd − qcfQ
e
ed
)
Af ⊥εda +
+
1
2
Ka
(
MR− 2λ+
[
Qcde − qcdQ
f
fe
]
Qcde
))
⊥εabK¯
b −
−
1
2
(
δeδ
eK¯a − 2
(
δcK¯d
)
Qcda − 2K¯eQcdeQ
cda −
−K¯c
(
Qcfd − qcfQ
e
ed
)
Af ⊥εda +
+
1
2
K¯a
(
MR− 2λ+
[
Qcde − qcdQ
f
fe
]
Qcde
))
⊥εabK
b
}
dS.
Thus the rst line in the boundary integral is just the boundary term of H1[K
a] given
by (2.13), in whih Ka is replaed by the `ommutator' K¯e∆eK
a − Ke∆eK¯
a
. Sine,
assuming ∆aK
a = ∆aK¯
a = 0, the integral of (4.5) is invariant with respet to the hange
of the basis (ta, va) in the normal bundle of S (`SO(1, 1) boost-gauge invariane'), the
deomposition of the integrand of (4.10) to the Hamiltonian boundary term (the rst line)
and to the rest an be made in a boost-gauge-invariant way, too. In fat, by the Hodge
deomposition (see e.g. [30℄) the onnetion 1-form Ae is the sum of an exat, a o-exat
and a harmoni 1-form on S: Ae = δeα + αe + ωe, respetively, and this deomposition
is unique. Here the funtion α : S → R is unique up to an additive onstant, αe is
δe-divergene free, while ωe is both δe-divergene free and satises δ[aωb] = 0. (The rst
represents the pure gauge part of Ae, the o-exat part yields urvature, and the harmoni
part only holonomy, but no urvature.) Thus by δ[aAb] = δ[aαb] it is only the o-exat
part of Ae that appears in (4.5), and hene we an substitute Ae by αe in (4.10), too,
yielding a manifestly boost gauge invariant form of the `improved' basi Hamiltonian.
Another interpretation of the above Hodge deomposition is that it provides a `natural'
gauge xing, using only the intrinsi geometry of S.
Unfortunately, however, this Hamiltonian boundary term does not seem to represent
the `omposition rule' of the lapses and shifts in a orret way. Indeed, the lapse-shift
parts of K¯e∆eK
a −Ke∆eK¯
a
are not the new lapse N¯ eDeN −N
eDeN¯ and the new shift
NDaN¯ − N¯DaN − [N, N¯ ]a that appear in the onstraint funtion.
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5 Conlusions
We learnt from the quasi-loal anonial formulation of the salar eld that the Poisson
boundary terms represent energy-momentum and angular momentum uxes out from
and into the loalized system, i.e. they are well dened physial quantities. Here we raise
the idea that the same may be expeted in general relativity, too, and hene the Poisson
boundary term in GR must be gauge invariant in every sense. We showed that this
requirement yields the ondition for the lapse and shift that the spaetime vetor eld
that they determine must be divergene free with respet to a Sen-type onnetion on the
boundary. This ondition is a part of the spaetime Killing equations. This yields that
the evolution equations preserve the volume form indued on the boundary. Therefore,
keeping the indued volume form xed as a ondition seems to be the part of the (yet
unknown) `ultimate' boundary onditions for the anonial variables. This implies that
the quasi-loal onstraint algebra that we found earlier (and disussed in subsetion 2.3.1)
is probably the `orret' one, ompleting the point (iii) of subsetion 2.1.1.
We also found arguments both in favour of and against the Hamiltonian boundary
term in H1[K
a]. It appears naturally as a part of the Poisson boundary term and its
SO(1, 1) boost-gauge dependene an be ured, but, without additional restritions on
the lapse and the shift it does not yield funtionally dierentiable Hamiltonian, and it
does not represent the omposition law for the lapses and shifts in a orret way.
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